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In many cell types, calcium ion channels on the endoplasmic reticulum membrane occur in a clustered
distribution. The channels generate either localized puffs, each comprising channels of only one cluster, or
global calcium waves. In this work we model the calcium system as a two-dimensional lattice of active
elements distributed regularly in an otherwise passive space. We address an important feature of the puff-wave
transition, which is the difference in lifetime of puffs at a few hundred milliseconds and long-lived global
waves with periods of several seconds. We show that such a lifetime difference between puffs and waves can
be understood with strongly reduced ordinary differential equations modified by a time-scale factor that takes
into account the coupling strength of active and passive regions determined by the Ca2+ diffusion coefficient.
Furthermore, we show that the point model can also describe very well the dependence of Ca2+ oscillation
characteristics on the cluster-cluster distance in the case of large diffusivity.
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I. INTRODUCTION

Since the discovery of calcium release puffs and their
association with clusters of inositol 1,4,5-trisphosphate �IP3�
receptor �IP3R� channels on the endoplasmic reticulum �ER�
membrane, clustering has emerged as a defining feature of
intracellular calcium signals �1–3�. With a clustered distribu-
tion of IP3Rs, calcium signals are either global waves, which
modulate cellular behavior, or localized puffs, which control
subcellular processes �4�. In experiments, puffs occur at
small levels of release-stimulating second messenger IP3,
whereas waves appear at large IP3 concentration �5�. Further-
more, puffs can also be elicited by addition of exogenous
calcium buffer such as ethylene glycol tetraacetic acid
�EGTA�, which is believed to reduce the coupling between
clusters by binding of calcium to EGTA �6,7�.

The random appearance of puffs indicates a strong sto-
chasticity of channel dynamics �5�, which is caused by the
low copy number of channels within each cluster �8�. Much
recent work focused on the stochastic dynamics of individual
IP3R clusters �8–14� and the functional significance of clus-
ters. Among these studies, Shuai and Jung showed that there
is a dependence of the frequency of puff signals on the actual
channel number in a cluster and thus that the calcium system
may use the clustered IP3Rs to achieve an optimal puff sig-
naling �9�.

An important question is how exactly the more determin-
istically appearing global waves and strongly stochastic lo-
calized events can be generated by the same system appar-
ently upon variation of only a few of the system’s
parameters. In theoretical studies, the hierarchical organiza-
tion of channels and clusters, combined with the complex
and stochastic IP3R kinetics, supports a variety of spatiotem-
poral patterns of calcium release �15–21�. It has been shown
that clustered IP3R distributions with stochastic channel dy-

namics can enhance the cell’s Ca2+ sensitivity responding to
weak IP3 stimulus �15�. Falcke extended the emerging con-
cept of stochastic calcium release to general intracellular cal-
cium oscillations and thus placed the system into the realm
of stochastically forced excitable systems �17�. The random
nature of calcium signaling is, from this point of view, a
consequence of the stochasticity of channel clusters and ex-
presses itself at a higher level in fluctuations of attributes of
global calcium oscillations �19�.

The clustering not only causes a strong stochasticity of
local calcium release but it also generates a spatially inho-
mogeneous reaction-diffusion medium. The inhomogeneity
caused by the clustering of channel has already been ad-
dressed by considering purely deterministic pattern forma-
tion. It has been suggested that a reaction-diffusion system
with a regular array of point source release sites can be de-
scribed by a fire-diffuse-fire model �22�. It has also been
found that waves in three-dimensional reaction-diffusion sys-
tem with spatially confined excitability undergo propagation
failure with increasing diffusion coefficient and that there is
a regime in which the wave velocity is independent of the
diffusion coefficient �23�. This study indicates that waves in
inhomogeneous media can have counterintuitive properties
that do not appear in homogeneous system.

In the present work we aim to discuss the lifetime differ-
ence between puff and wave of Ca2+ signals with a simple
deterministic two-dimensional �2D� model with a regular lat-
tice of active elements distributed in a passive space. In our
model the coupling of channels within the cluster occurs
through the calcium concentration of the cluster, while the
coupling of channels in different clusters occurs through the
diffusion of the activating agent, i.e., calcium, through the
passive space between clusters. With respect to the puff-
wave transition, we will thus in this paper describe a notice-
able feature of Ca2+ signals, i.e., the transition from synchro-
nized long-lived oscillations �waves� to desynchronized
short-lived activity �puffs� of individual elements upon addi-
tion of EGTA buffer. Following the earlier consideration of
Dargan and Parker we attribute the apparent reduction of
synchronization by EGTA to the lowering of effective cal-
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cium mobility between clusters and study the dynamical be-
havior of a reduced model for changing diffusion coefficient.
We show that the different lifetimes of puff and wave of Ca2+

signal can be understood with a strongly reduced ordinary
differential equation modified by a time-scale factor that
takes into account the coupling strength of active and passive
regions determined by the Ca2+ diffusion coefficient. Fur-
thermore, the point model can also describe very well the
dependence of Ca2+ oscillation characteristics on the cluster-
cluster distance in the case of large diffusivity.

II. METHODS

A. Cytosolic Ca2+ diffusion

In our model, intracellular calcium dynamics are de-
scribed by a reaction-diffusion approach with calcium re-
lease regions discretely distributed on a two-dimensional ER
membrane. The equation for Ca2+ ions ��Ca2+�� with diffu-
sion coefficient D is given as follows:

��Ca2+�
�t

= D�2�Ca2+� + f�x,y� � Jcluster. �1�

The diffusion constant in the cytoplasm D includes mobile
and immobile bufferings and should be regarded as an effec-
tive diffusion constant. EGTA, for instance, takes up calcium
ions at the active cluster and diffuses with its own mobility
through the medium. Since the diffusion coefficient of EGTA
is smaller than that of calcium, addition of EGTA thus re-
duces the effective diffusion coefficient of calcium. The ap-
proximations for the buffer dynamics, such as the rapid
buffer approximation, motivate this simplified handling of
EGTA �24�. Although EGTA is not a rapid buffer, it should
be noted that nevertheless a reduction of effective mobility
of calcium can be expected. Owing to the large spatial sepa-
ration of clusters, calcium can bind to EGTA well before it
reaches adjacent clusters, which slows down the motion of
calcium through the cytosol. Thus, for sufficient amounts of
buffer, one obtains a reduction of the effective diffusion co-
efficient.

We represent the ER membrane as a mosaic of active and
passive patches. In detail, the domain is a regular array of
active regions separated by regions of passive diffusion.
Thus the function f�x ,y� in Eq. �1� is defined as

f�x,y� = �
i

�
j
���x − iL −

l

2
� − ��x − iL +

l

2
�	

����y − jL −
l

2
� − ��y − jL +

l

2
�	 �2�

with the Heaviside function ��x�=0 for x�0, otherwise 1.
As a result, the function f�x ,y�=1 at the active patches, oth-
erwise, f�x ,y�=0. Each active region is a square with a side
length of l and the most nearby active regions have a dis-
tance of L.

Three calcium fluxes are present in the active regions, i.e.,

Jcluster = Jchannel − Jpump + Jleakage, �3�

in which the channel flux Jchannel describes calcium released
from the ER to the intracellular space through IP3R channels,

the pump flux Jpump describes calcium uptake from the intra-
cellular space back into the ER by adenosine triphosphate
dependent pump with

Jpump = vP
�Ca2+�2

k2 + �Ca2+�2 , �4�

and the leakage flux Jleakage describes the leaking flux from
the ER to the intracellular space with

Jleakage = vL��Ca2+�ER − �Ca2+�� , �5�

where �Ca2+�ER describes the high concentration of Ca2+ in
ER. The parameters vP and vL describe the maximum pump
flux and leakage rate, respectively.

B. IP3R channel dynamics

A theoretical model for agonist-induced �Ca2+� oscilla-
tions based on microscopic kinetics of IP3 and �Ca2+� gating
of the IP3R was proposed by De Young and Keizer �25�. The
model assumes that there are three equivalent and indepen-
dent subunits involved in the conduction of an IP3R. Each
subunit has one IP3 binding site �m gate� and two Ca2+ bind-
ing sites, one for activation �n gate� and the other for inhibi-
tion �h gate�. A simplified version of the model was proposed
by Li and Rinzel �26�, in which the binding probabilities of
IP3 to the m gate and activating Ca2+ to the n gate are instan-
taneous and represented by their quasi-steady-states m� and
n�.

In this paper we consider a modified Li-Rinzel model
with channel flux given by

Jchannel = vCm�
3 n�

3 h3��Ca2+�ER − �Ca2+�� �6�

with

m� =
�IP3�

�IP3� + dm
,

n� =
�Ca2+�

�Ca2+� + dn
. �7�

The Ca2+ inactivation �h gate� is slow and described by the
binding and dissociation rates � and � given by

dh

dt
= ��1 − h� − �h �8�

with

� = a1
�IP3� + d1

�IP3� + d2
,

� = a2�Ca2+� . �9�

In order to incorporate the stochasticity of channel open-
ing or closing we use a Langevin approach,

dh

dt
= ��1 − h� − �h + G�t� , �10�

where G�t� is zero mean, uncorrelated, Gaussian white noise
term with
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G�t�G�t��� =
��1 − h� + �h

N
��t − t�� . �11�

The stochastic channel dynamics is due to stochastic bind-
ing and unbinding processes of Ca2+ ions and IP3 messengers
to channels. The random initiation of puffs mainly results
from the stochastic activation binding of Ca2+ and IP3 to
open a channel and furthermore to trigger a puff release.
Here with the Li-Rinzel model the Ca2+ and IP3 activation
processes are eliminated and represented by their quasi-
steady-state values. Therefore, the stochasticity is imposed
only on the inactivation process, which for simplicity repre-
sents the randomness of puff dynamics.

C. Model parameters

The parameter values used in the model are given in Table
I. Consistent with experimental data, we choose l
=0.25 �m and L is about a few micrometers to define the
active and passive regions on ER membrane. In the numeri-
cal simulation, the ER membrane is spatially discretized and
represented by a two-dimensional lattice with grid distance
	x. In order to avoid a grid size 	x, which is too small in
comparison to the active size l, we apply 	x= l in our simu-
lation for simplicity, i.e., the grid size equals the actual size
of the active sites. With this approach, we assume that the
calcium concentration in each cluster is always homoge-
neous. The cell size is fixed at 50�50 �m2.

For this study, we assume that the concentration of Ca2+

in the ER remains unchanged everywhere and is thus chosen
to be constant. Experiments showed that, because of the
steep dependence of activation of channels on IP3 concentra-
tion, puffs could be observed only over a narrow range of IP3
concentrations �3,5�. A certain threshold IP3 concentration
was required to evoke any calcium release, whereas concen-
trations less than twice as great would evoke propagating
Ca2+ waves. To circumvent this problem, later experiments

were done by imaging Ca2+ signals in cells with the Ca2+

buffer EGTA loaded �27�. Thus even at high IP3 concentra-
tion one can observe individual puffs with enough EGTA
present, while Ca2+ waves will be obtained if no EGTA is
added �27�. Throughout this paper, we set �IP3�=1.0 �M at
which the Li-Rinzel point model is an oscillatory system,
and we discuss the puff-wave transition by varying the dif-
fusion coefficients.

III. RESULTS

A. Ca2+ puff

At small diffusion coefficient, each active region is
weakly coupled to the others, generating local calcium re-
lease, i.e., Ca2+ puffs. Figure 1�A� shows the evolution of
calcium concentration at two nearby clusters in the center of
the cell model with D=1 �m2 /s and L=2 �m. In this simu-
lation, the channel dynamics are deterministic and described
by Eq. �8�. With randomized initial conditions, phase differ-
ences arise among puffs at different cluster sites. In this ex-
ample, the puff period, i.e., the interpuff interval, is 2.04 s
and the puff lifetime, i.e., the full width at half-maximal
amplitude, is 0.136 s.

Since the IP3R channel number in each cluster is about a
few tens �10,28�, the channel behavior is typically stochastic,

TABLE I. Parameter values used in the model.

Parameter Value

L 0.5–5.5 �m

l�=	x� 0.25 �m

D 0.1–300 �m2 /s

�IP3� 1 �M

�Ca2+�ER 12 �M

vC 100 s−1

vP 100 �M /s

vL 0.04 s−1

dm 0.11 �M

dn 0.08 �M

d1 0.17 �M

d2 1.8 �M

a1 0.8 s−1

a2 1.2 ��M s�−1

k 0.1 �M

FIG. 1. The Ca2+ signals versus time �A� and �B� at D
=1 �m2 /s and �C� and �D� at D=200 �m2 /s. The channel dynam-
ics are deterministic in �A� and �C� and stochastic in �B� and �D�.
The black line and dashed line plot the Ca2+ signals at two nearby
active regions, the dotted line shows the Ca2+ signal at the passive
region in the middle of the two active regions, and the gray line is
the cell-averaged Ca2+ signal. Here L=2 �m.
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resulting in noisy puffs. In our stochastic simulations, we
assume that there are N=25 channels in each cluster. The
stochastic channels are modeled with the Langevin approach
�Eq. �10��. Figure 1�B� shows the random appearance of
puffs for the same sites as in Fig. 1�A�. The mean lifetime of
stochastic puffs is 1.93 s, which is close to 2.04 s for deter-
ministic puffs. To visualize the stochastic puff patterns we
show in Fig. 2�A� a space-time plot, resembling the experi-
mental line scan images �5�. Here the visualized line crosses
the center cluster. The randomness of puff release can be
seen clearly in this plot.

For comparison, the calcium concentration at the middle
point between these two clusters, which is inside the passive
diffusion region, and the cell-averaged calcium concentration
are also given. The typically small calcium concentration
between the two clusters, which is quite close to the cell-
averaged calcium concentration, indicates that clusters are
weakly coupled. In order to discuss the coupling strength
quantitatively, the cross correlation between calcium concen-
trations at the center cluster and its nearby cluster has been
calculated as a function of time lag. Considering the possi-
bility of synchronization with phase delay, the maximal cross
correlation is typically found at a nonzero time lag. For this

example, the maximal cross correlation is about 0.03 �Fig.
2�C��, indicating a weak coupling among clusters.

B. Ca2+ wave

Ca2+ waves are observed at large diffusion coefficient.
Figure 1�C� shows the evolution of calcium concentration at
the same sites used in Fig. 1�A� at D=200 �m2 /s with de-
terministic channel dynamics. Due to the strong coupling,
the calcium concentrations at both the active sites and pas-
sive sites are synchronized quite well. As a result, they al-
most match the cell-averaged calcium concentration. For the
wave given in Fig. 1�C�, the oscillation period is 7.86 s,
which is about 3.8 times of the puff period shown in Fig.
1�A�, and the oscillation lifetime is 1.09 s, which is eight
times the puff lifetime shown in Fig. 1�A�.

Figure 1�D� shows the calcium signals obtained with the
Langevin approach. One can see that a large diffusion coef-
ficient generates a strong coupling among the calcium sig-
nals at different sites, leading to synchronization of calcium
oscillations in the system. The strong coupling also sup-
presses the channel stochasticity. Therefore, the Ca2+ wave
with stochastic channel dynamics �Fig. 1�D�� is similar to
that with deterministic channel dynamics �Fig. 1�C��. For
this example, the maximal cross correlation between signals
at two nearby clusters is about 1.0 �Fig. 2�C��, indicating a
quite well synchronization among clusters. Figure 2�B�
shows the space-time plots of the waves with stochastic
channel dynamics and randomized initial conditions.

Both experiments and simulations suggested that the sto-
chasticity of IP3R channels plays important role in the initia-
tion of puffs and the onset of waves �5,10,15,19�. In this
paper, with the IP3 concentration set at �IP3�=1.0 �M, the
Li-Rinzel point model is set to the oscillatory state, and so
the mean lifetime of the stochastic puffs or waves, which is
the focus of the paper, will be well described by the deter-
ministic dynamics. Furthermore, the stochastic effects of
channel dynamics are not the focus in this paper and we are
more interested in the effects of the inhomogeneity of the
channel distribution on the calcium dynamics. Thus, we will
consider mainly the deterministic channel dynamics in the
following discussions.

C. Transition from puff to wave by changing the diffusion
coefficient

In a homogeneous active medium, the modification of the
diffusion coefficient will typically change the propagation
speed of the oscillating waves but should usually not modify
the oscillation frequency and signal lifetime. However, one
finds that in our inhomogeneous medium, the variation of the
diffusion coefficient will change both the oscillation fre-
quency and lifetime.

In Figs. 3�A�–3�C�, the calcium signal properties are plot-
ted as a function of D. At small D with D�2 �m2 /s, for
which one cannot observe global waves �Fig. 3�A��, the puffs
show a large oscillation amplitude, which decreases with the
increase of D �Fig. 3�B��. Figure 3�C� shows that the oscil-
lation period of the puff decreases with increasing D at D
�2 �m2 /s, and the puff lifetime has a slight increase. Once

FIG. 2. �Color online� The line scan space-time imaging of �A�
stochastic puffs at D=1 �m2 /s and �B� the stochastic waves at D
=200 �m2 /s and L=2 �m. The scan line crosses the center clus-
ter. �C� The maximal cross correlation between calcium concentra-
tions at the center cluster and its nearby cluster as a function of D.
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D
2 �m2 /s, a global wave can be observed and the oscil-
lation amplitude of the cell-averaged calcium increases with
the increase of D �Fig. 3�A��. The oscillation amplitude at
active regions increases slightly �Fig. 3�B�� and both the pe-
riod and lifetime increase strongly �Fig. 3�C��.

In Fig. 2�C�, the maximal cross correlation between cal-
cium concentrations at the central cluster and its nearby clus-
ter has been calculated as a function of diffusion coefficient.
The results show that a weak coupling is found at D
�2 �m2 /s, while with D
10 �m2 /s the clusters couple to
each other strongly.

D. Two limits of the Ca2+ cell model

In order to discuss how the diffusion coefficient modu-
lates the Ca2+ release dynamics �such as oscillation period
and lifetime� at active regions, we now consider the two
limits of the model, i.e., small and large D.

For small D, each action region can be treated as an in-
dependent domain, and its dynamics can be described by

��Ca2+�
�t

= vCm�
3 n�

3 h3��Ca2+�ER − �Ca2+�� − vP
�Ca2+�2

k2 + �Ca2+�2

+ vL��Ca2+�ER − �Ca2+�� �12�

with h’s dynamics given in Eq. �8�.
However, at a large D, the coupling is so strong that ac-

tive and passive regions experience almost the same calcium
concentration �Fig. 2�. As a result, one has �2�Ca2+�→0 for
the system. In other words, with a large diffusion coefficient,
the active regions and passive regions are merged together to
become a mixed region. The dynamics for such a mingled
state are an average of active and passive regions, which can
be described by a point model with

��Ca2+�
�t

= ��vCm�
3 n�

3 h3��Ca2+�ER − �Ca2+�� − vP
�Ca2+�2

k2 + �Ca2+�2

+ vL��Ca2+�ER − �Ca2+�� . �13�

Compared to Eq. �12�, here a rescale factor � appears given
by

� =
Sactive

Sactive + Spassive
=

l2

L2 , �14�

where Sactive and Spassive are the areas of the active and pas-
sive regions, respectively. For example, we have �=1 /64 at
l=0.25 �m and L=2 �m. The rescaling of the maximum
flux strength ��P, �C, and �L� for channels, pumps, and leak-
age takes into account the mixing of active and passive re-
gions.

In Figs. 4�A� and 4�B�, the oscillations of solutions of the
point models with Eqs. �12� and �13� are plotted at �IP3�
=1.0 �M, respectively. For the model with Eq. �12�, the
oscillation period is 3.88 s and lifetime is 0.115 s, which are
the extreme values for puff dynamics given in Fig. 3 �corre-
sponding to D=0�. For the model with Eq. �13� ��=1 /64�,
the oscillation period is 7.93 s and the lifetime is 1.09 s,
which is quite similar to the oscillating wave at D
=200 �m2 /s observed in Fig. 2.

E. Rescaling of flux strength in the point model

Thus, the Ca2+ release dynamics at active regions for two
cases of the model at small or large D can be explained by
the point model but with different time scales in Eq. �13�.
Such a time-scale factor takes into account the coupling
strength of the active and the passive regions caused by the
Ca2+ diffusion coefficient. For the 2D model at small D with
weak coupling, we have a corresponding point model at �
=1; for the 2D model at large D with strong coupling, we
have a corresponding point model at �=1 /64.

For the 2D model with an intermediate diffusion coeffi-
cient, the active regions and passive regions are coupled at
certain strength. A reasonable guess is that the 2D Ca2+ re-
lease dynamics with an intermediate D may be described by
the point model with the rescale factor in the range of

FIG. 3. The Ca2+ signals as a function of D at �A�–�C� L
=2 �m and �D�–�F� L=3 �m. In �A� and �D�, the maximum and
minimum of the cell-averaged signal are plotted; in �B� and �E�, the
maximum and minimum of the Ca2+ puff at the active region of the
cell center are plotted; and in �C� and �F�, the oscillation period
�solid line� and the lifetime �dashed line� of the puff are plotted.

FIG. 4. Oscillations in the point models with �A� Eq. �12� and
�B� Eq. �13� with �=1 /64 at �IP3�=1.0 �M.
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1 /64���1. Note that the h-gate dynamics �Eq. �8�� do not
change with a variation of the diffusion coefficient. We will
now check if the point-model approach is valid in the inter-
mediate regime. The point-model dynamics, including the
maximum and minimum of calcium concentration, the oscil-
lation period, and the lifetime, as a function of the rescale
factor � are given in Fig. 5.

As a comparison with Fig. 3, it can be seen that for the 2D
cell model with the increase of the diffusion coefficient, the
oscillation period decreases first and after reaching its mini-
mum around D=5 �m2 /s it increases �Fig. 3�. However, the
point model does not exhibit such behavior but instead gives
a monotonic increasing lifetime with the decrease of the fac-
tor � �Fig. 5�C��. Thus, the 2D cell model shows complex
dynamics at intermediate diffusion coefficient, which cannot
be simply discussed with a point model.

F. Modulation of Ca2+ wave by the cluster-cluster distance

In the simulations discussed above, the cluster-cluster dis-
tance is set to L=2 �m. Now we discuss the effect on Ca2+

signals of varying the diffusion coefficient at other cluster-
cluster distances. Consider an extreme case where the
cluster-cluster distance is zero, i.e., L= l. In this case, the
cellular medium is homogeneously active. Thus, no matter
how large or small the diffusion coefficient is, one can al-
ways find an oscillating dynamics. This is because at �IP3�
=1.0 �M, the related point model is in a spiking state.

In Figs. 3�D�–3�F�, the cluster-cluster distance L increases
to 3 �m, but we still keep l=0.25 �m. It can be seen that
the global wave appears at larger diffusion coefficient if the
cluster-cluster distance is larger.

In the following, we focus on global waves at large dif-
fusion coefficient. For large D, the oscillation dynamics can
be understood based on the point model of Eqs. �8� and �13�
with a rescale factor �. Equation �14� indicates that the res-
cale factor � is a measurement of area ratio between active
and passive regions. When keeping l=0.25 �m and letting
L=3 �m, we obtain �=1 /144. According to Fig. 5, the os-
cillation period and lifetime of the point model are then 9.98
and 1.76 s, respectively. For the corresponding 2D cell

model, the oscillating Ca2+ signal has a period of 9.65 s and
lifetime of 1.71 s at D=200 �m2 /s �Fig. 3�F��.

Figure 5 also shows that fixed points occur at �

0.0027 �corresponding to L
4.83 �m�, indicating that
the large cluster distance will destroy the global wave. In
Fig. 6, we show the comparison of results of oscillation am-
plitude, lifetime, and period obtained with the 2D diffusion
model at D=200 �m2 /s �squares� and the point model
�solid lines� as a function of L. As predicted by the point
model, one could not observe the global Ca2+ waves at L

4.83 �m.

G. Phase diagram

According to the discussion given above, different dy-
namical regimes in the parameter space of diffusion coeffi-
cient D and cluster-cluster distance L can be expected. In
detail, puffs are found at small D and large L, while the
global waves are typically observed at large D and limited L.
At large D, the increase of L will cause the death of oscilla-
tions, leading to a fixed point in the cell model.

In order to discuss the phase diagram precisely, now we
go back to the two-dimensional model for detailed simula-
tions either with deterministic channel dynamics or with sto-
chastic channel dynamics. The phase diagram obtained with
deterministic channel dynamics is given in Fig. 7�A�. With
deterministic channel dynamics, the death of oscillation can
be easily defined as a fixed point in the cell model. However,
in the transition region of the phase diagram it is difficult to
distinguish the regimes of local puffs and global waves. So
we simply define the puff pattern as that the Ca2+ oscillation

FIG. 5. The solution of the point model �Eq. �13�� as a function
of factor �. �A� The maximum and minimum of �Ca2+�, �B� the
oscillation period, and �C� the lifetime are plotted. The dotted line
marks the bifurcation point.

FIG. 6. The oscillation behaviors of the 2D cell model �squares�
and the point model �solid line� as a function of L. �A� The maxi-
mum and minimum of Ca2+ signal, �B� the oscillation period, and
�C� the lifetime are plotted. The dotted line marks out the death of
global wave.
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amplitude at the cluster site is at least twice of the Ca2+

oscillation amplitude at the middle passive site of two nearby
cluster sites, otherwise the pattern is defined as the global
wave.

With the stochastic channel dynamics, we could not ob-
serve the Ca2+ pattern with a fixed point. Notice that the
typical oscillation amplitudes either for local or global Ca2+

signal are typically larger than 1 �M, as shown in Fig. 1 or
3. Thus the death of oscillation is somehow arbitrarily de-
fined as the small fluctuation of Ca2+ concentration with the
mean oscillation amplitude of cell averaged �Ca2+� smaller
than 0.1 �M and the mean oscillation amplitude of �Ca2+� at
cluster sites smaller than 0.2 �M. Then we have to distin-
guish local puffs and global waves. Here two ways are ap-
plied to distinguish stochastic puffs from waves. One way
which is similar as the method applied for deterministic pat-
terns is to define the puff pattern as that the mean Ca2+ os-
cillation amplitude at the cluster site is at least twice of the
mean Ca2+ oscillation amplitude at the middle passive site of
two nearby cluster sites, otherwise the pattern is defined as
the global wave. Another way to distinguish the puffs and
waves is to discuss the maximal cross correlation of two
Ca2+ signals at two nearby clusters. An example is given in
Fig. 2�C�. If the maximal cross correlation is smaller than
0.5, the pattern is defined as puffs, otherwise, waves. Our
simulation results show that both methods produce the same
phase diagram, which is given in Fig. 7�B�.

IV. DISCUSSION

Experimentally, in large cells, such as Xenopus laevis oo-
cytes, a transition between a regime of global oscillations of
calcium release and a localized noisy regime has been found
�6,7�. This transition can be forced by injection of a slow-
binding and slow-diffusing buffer proteins �EGTA� �6�. A
noticeable feature of the puff-wave transition is the very
short lifetime of puffs �a few hundreds of milliseconds�,
while global activity is typically present for several seconds.
The simulations presented in this paper, with a simple model
of spiking elements coupled by diffusion through a passive
space, give a possible mechanism accounting for such a life-
time difference.

First, we here assume that EGTA buffer lowers the effec-
tive calcium diffusion within the cytosol, thus decoupling the
clusters. We found evidence that the decoupling through
smaller diffusivity leads to the replication of a puff-wave
transition. As shown in Fig. 3 the cell-averaged signal exhib-
its oscillations for large diffusivity only, while local elements
spike for small D. Furthermore, by varying the distance L
between the elements, we predicted that for increasing L the
transition to waves is shifted toward larger D.

The plots in Fig. 3 also show that for increasing D the
lifetime increases from 0.1 to more than 1 s. Thus, our model
with two-dimensional diffusion of calcium generates the dis-
parate lifetimes of puffs and waves. The modification of life-
time is then simply explained by the change of time scale of
the reaction terms. The increase in lifetime is a unique at-
tribute of the puff-wave transition in calcium signaling,
which has evoked different explanations in recent studies
�29,30�. Using a more detailed model, Zeller et al. �30�
found that the competition of EGTA with a simultaneously
used dye buffer leads to a faster decay of dye signals after an
initial release spike. In a different approach, Rudiger and
Schimansky-Geier �29� considered the influence of EGTA on
the coupling in arrays of clusters, which they modeled by
generic equations for excitable elements. They proposed that
coupling of the individual elements can be introduced by a
delay-diffusive term in the FitzHugh-Nagumo-type equations
for the individual elements. They found that a reduction of
coupling strength indeed significantly shortens excitation
spikes while large coupling leads to long spikes with large
accumulating inhibition.

While the earlier studies attributed the puff-wave transi-
tion to either local dye/EGTA dynamics �30� or delay cou-
pling of clusters �29�, the transition found in this work is
related to the interaction of active elements to the surround-
ing passive space. This is made apparent by the simplified
point model, which captures basic properties of the full sys-
tem’s behavior. The point model assumes that the mixing of
the calcium in the simulation domain is strong such that an
averaging of passive and active areas becomes possible.
Thus the model is valid especially in the case of large diffu-
sivity and can describe the L dependence of oscillation char-
acteristics very well. It could, however, not describe a
broader region of interest, which occurs for intermediate val-
ues of D.

It has been shown in earlier studies that diffusing calcium
builds microdomains around the active clusters with large

FIG. 7. The phase diagram of the 2D model in terms of diffu-
sion coefficient D and cluster-cluster distance L with �A� determin-
istic channel dynamics or �B� stochastic channel dynamics at N
=25 in each cluster. Here, three patterns are distinguished: local
puffs �squares�, global waves �stars�, and death of oscillation with a
fixed point in deterministic dynamics or with the Ca2+ fluctuation in
stochastic dynamics �circles�. Here �IP3�=1.0 �M.
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local concentration and small concentration between the
clusters �30,31�. The difference between the intracluster and
intercluster values of calcium concentration depends, of
course, on the details of transport processes and leads to the
intricate properties of the coupling of clusters discussed in
this paper. However, for simplicity, the coupling of channels
within the cluster in our model has been assumed to occur
through the common value of calcium concentration. This
may be a serious limitation of our model since it is not clear
if our model includes enough details on the Ca2+ transport
processes. We expect that future work on detailed models of
puffs will clarify this point.

Experimentally the puff-wave transition can also be pro-
voked by varying the level of IP3 concentration without al-
tering the diffusion coefficient of calcium �5�. It has been
suggested that the effective diffusion coefficient of calcium
is about 15–35 �m2 /s �32�. With the stochastic channel dy-
namics at this diffusion coefficient, one typically observes,
due to the strong couplings �Fig. 2�C��, in the model either
the small fluctuation of calcium around its resting state at
small IP3 concentration or global Ca2+ waves at large IP3

concentration and hardly finds the separated puffs. We think
that this is possibly due to the approximation of point model
assumed for the clustered channels and the approximation of
effective diffusion coefficient to account the effect of mobile
and immobile buffers. A better realistic Ca2+ model is ex-
pected to reproduce more experimental observations.

Spatially distributed active systems are widely found in
physical, chemical, or biological systems, in which inhomo-
geneities are ubiquitous. It has been shown that inhomoge-
neity plays an important role in spatiotemporal dynamics in a
number of systems �22,23,33,34�. We finally suggest that our
time-rescaled point-model analysis may also be applicable to
other inhomogeneous systems.
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